A polynomial preserving recovery method is introduced for over-penalized symmetric interior penalty discontinuous Galerkin solutions to a quasi-linear elliptic problem. As a post-processing method, the polynomial preserving recovery is superconvergent for the linear and quadratic elements under specified meshes in the regular and chevron patterns, as well as general meshes satisfying Condition ( , σ ). By means of the averaging technique, we prove the polynomial preserving recovery method for averaged solutions is superconvergent, satisfying similar estimates as those for conforming finite element methods. We deduce superconvergence of the recovered gradient directly from discontinuous solutions and naturally construct an a posteriori error estimator. Consequently, the a posteriori error estimator based on the recovered gradient is asymptotically exact. Extensive numerical results consistent with our analysis are presented.
Introduction
In recent years there have been superconvergence results of the gradient and gradient recovery schemes [9, 12, 20, 23, [31] [32] [33] [36] [37] [38] , while their contributions are based on finite element approximations and attract many researchers from the fields of modern engineering and scientific computation. The Zienkiewicz-Zhu (ZZ) error estimator [38] is referred to the superconvergence patch recovery (SPR), which is based on gradient recovery from the gradient of the finite element solution on patches in the discrete least-squares fitting sense. The robustness of the ZZ patch recovery is originated from its superconvergence under structured meshes. As a new strategy, polynomial preserving recovery (PPR) has first been introduced by Zhang in [24, 34] with the use of the fitted finite element solution values to recover the gradient. The PPR keeps all known superconvergence properties of the ZZ patch recovery, out-performing the SPR in the cases of quadratic element at edge centers and linear element for the chevron mesh [36] . The PPR has superconvergence in mildly structured grids as well as anisotropic grids [34, 35] . Therefore, for gradient recovery to finite element solutions, the PPR method is a good alternative.
It is well known that if the recovered quantity better approximates the exact one, then it can be used in constructing asymptotically exact a posteriori error estimates (see [1] ). The PPR becomes standard in finite element methods and has been adopted in some commercial softwares (COMSOL etc.) as a superconvergence tool.
We consider the following second-order quasi-linear elliptic problem
where is a bounded convex domain in R 2 with a smooth boundary ∂ , and n is the unit outward normal vector to ∂ . We assume 0 < a 1 ≤ a(x, v) ≤ a 2 , x ∈¯ , v ∈ R for some positive constants a 1 , a 2 (¯ × R) is the space of twice continuously differentiable functions on R whose first and second order derivatives are bounded in ¯ × R. It holds from [15] that there exists a unique weak solution u to (1) and u ∈ C 2+δ with δ ∈ (0, 1) when f ∈ C δ ( ) and the boundary ∂ is smooth. The equation (1), supplemented with the homogeneous Dirichlet boundary condition, describes an equilibrium state of a chemical species of the concentration u in a porous medium with a source term f (x).
Interior penalty discontinuous Galerkin (IPDG) methods are a powerful simulation tool for solving linear or nonlinear equations (see e.g. [4, 11, 14, 17, 18, 22, 25, 28] ). There are some primal DG versions belonged to IPDG methods (see [3, 19] ), such as symmetric interior penalty Galerkin (SIPG), nonsymmetric interior penalty Galerkin (NIPG), incomplete interior penalty Galerkin (IIPG) as well as its corresponding over-penalized interior penalty methods. We are interested in an over-penalized symmetric interior penalty Galerkin (OPSIPG) method [27, 30] to realize a gradient recovery. One of reasons is that its penalty parameters can be bounded above rather than sufficiently large in the usual SIPG method for refined grids. The OPSIPG method we use preserves the integral terms on hybrid multiplication of jump or average of test and trial functions on interior edges. The weakly over-penalized symmetric interior penalty method (WOPSIP) presented by Brenner in [6] ignores the hybrid multiplication terms. The OPSIPG and WOPSIP methods produce an ill-conditioned discrete system, which results from the over-penalization terms. Fortunately, it can be remedied by a simple block-diagonal preconditioner (see [6] ) and a multilevel preconditioner in [8] . Now the main question lies in how to implement the PPR technique into discontinuous Galerkin solutions under the framework of discontinuous Galerkin finite element methods.
In the present work, we aim to the PPR technique based on discontinuous Galerkin solutions and its theoretical analysis. The PPR technique is good for arbitrary order Lagrange finite elements, then for simplicity, we would focus on the linear and quadratic elements, which are widely used in practice. Several steps for the PPR are needed: we choose a patch including necessary or enough points first, and then by the fitted solution values recover the gradient, and further construct an a posteriori error estimate in the energy norm. Due to the PPR partial to the symmetry of patches, we shall consider some specified meshes in the regular and chevron patterns, as well as general meshes satisfying Condition ( , σ ). In case that the resultant DG system becomes ill-conditioned from over-penalized parameters, it is important to use a simple block-diagonal preconditioner remedying the problem. To the best of our knowledge, this is the first theoretical superconvergence proof for the PPR implemented on discontinuous Galerkin solutions to nonlinear elliptic problems. Furthermore, the proposed method can be used to solve time-dependent diffusion problems, e.g., the problem discussed in [13] . Our method can be applied to the spatial discretization part at each time level while maintaining the time discretization part unchanged.
The remainder of this paper is organized as follows. In Section 2 we introduce the over-penalized interior penalty discontinuous Galerkin (OPIPDG) formulas in the broken Sobolev space to approximate elliptic equations. In Section 3, we state and prove some preliminary lemmas for OPSIPG scheme analogous to those appear in the usual SIPG method. In Section 4, the gradient recovery operator will be constructed for OPSIPG solutions, thereafter we prove the main results for the gradient recovery, which can be used to define an a posteriori error estimator. In the last section, several numerical examples are given to illustrate superconvergence of the gradient recovery for linear and quadratic elements in some structured meshes as well as unstructured meshes, and also show that an a posteriori error estimator is asymptotically exact for a corner singularity problem.
The over-penalized discontinuous Galerkin method
Let E h be a subdivision of into disjoint open elements such that ¯ = 
where ρ i denotes the diameter of the largest circle inscribed in E i . We introduce the set of all edges of the mesh E h by
where 
For brevity, we drop the subscript e i of these two operators throughout this paper. And a definition for general meshes is given as follows. 
equipped with the broken Sobolev space norm,
We also introduce a space of test functions
where P r (E i ) denotes the set on E i of all polynomials of (total) degree at most r on
which penalizes the jump of the functions across the edges e k , 1 ≤ k ≤ M h . Here the penalty parameter σ k is a nonnegative real number to be chosen and |e k | is the Lebesgue measure of the edge e k . We also define the energy norm on D r (E h ) throughout this paper:
Aiming to study the strong solution u ∈ C 2 ( × [0, T ]), satisfying the regularity conditions, of the problem (1), we proceed element by element as appears in [27] . The weak formulation of the problem (1) reads as follows:
where A λ (ρ; v, w) is bilinear in the last two terms:
The OPIPDG approximation of (1) is to find
Moreover, depending on the coefficient λ, the discontinuous Galerkin method (8) is referred to OPSIPG if λ = −1; OPNIPG if λ = 1; or OPIIPG if λ = 0. In the rest of paper, we will use the parameter λ = −1 in A λ . For the choice of penalty parameters σ k of these discontinuous formulations, the reader is referred to Georgoulis and Süli [16] , Rivière et al. [28] , Song [29] , and the references therein. By analogous arguments as in [18] and Brouwer's fixed theorem, the consistence of (6) and the existence and uniqueness of the OPSIPG scheme (8) can be shown.
Some estimates of the OPSIPG scheme
In this section, before embarking on gradient recovery and its superconvergence analysis, we state and prove some preliminary results of (8) with λ = −1. And we denote by C a generic positive constant. From (8), the OPSIPG approximation of u is to find
There exists a positive constant C ,τ depending on
Analogously to the proof of Lemma 3.5 in [29] , we note that A −1 is coercive. Indeed, if a positive constant δ is such that
where α 0 = min
. Thus, in OPSIPG scheme, the penalty parameters σ k may be small quantities on edges, due to the ratio
δ multiplying with a small factor |e k | β−1 . The choice of penalty parameters is significantly different from that in the usual SIPG scheme. For simplicity, we may take small constant penalty parameters for OPSIPG scheme. Based on the estimate (11), then we have the following lemma for (8) .
The following continuity lemma can be proven similarly as in [29] .
Lemma 3.2.
There exists a constant β 0 > 0 such that
By Brouwer's fixed point theorem, the existence of discrete solution of SIPG scheme has been shown in [18] for sufficiently small h, so does OPSIPG scheme. We need the following a priori error estimates for solutions of OPSIPG scheme (9) in the broken H 1 and L 2 norms, which can be derived analogously from the proofs in [18, Theorems 4.9 and 4.10] and [7,
be the solutions of (6) and (9), respectively. For sufficiently small h and for any β ≥ 1, there exists a positive constant C independent of h such that
The Aubin-Nitsche lifting technique is well suited to the analysis of the DG method for linear problems, since OPSIPG scheme is symmetric. But for the quasilinear elliptic equation, we will use the nonlinear elliptic projection π h : 
We apply analogously the proof of superconvergence of an elliptic projection in [4, Theorem A.1] to the projection π h in the broken H 1 -norm, then the following lemma still holds. (6) and (8) 
Let V h be a space of continuous piecewise polynomials of order r (r = 1, 2) associated with E h . Let z be any interior node of the Lagrange finite element space P r associated with triangulation E h and let T z be the set of the triangles in E h that share the node z in their closures. A linear map R : D r (E h ) → V h can be constructed by averaging techniques [5, 17] (18) where |T z | is the cardinality of triangles in T z . For all boundary nodes z, we set Rv(z) = 0. For uniformly simplicially reducible meshes or quasiuniform quadrilateral meshes obtained by hierarchical refinement, the following result provides a link between discontinuous piecewise polynomial functions and functions in H 1 0 ( ) (see [25] ).
Lemma 3.6. There exists a constant C , independent of h, and a linear operator
where ∇ 0 = id and ∇ 1 = ∇.
The gradient recovery operator

Construction of DG gradient recovery and its primal properties
We introduce a gradient recovery operator
For any r-th order finite elements, all we need is to define G h u h at each node z i of the triangulation E h :
where C ij are coefficients of some finite difference schemes and {z ij } are all local points on a patch of elements around z i .
In some special situations, we are referred to [36] for the choices of C ij . It means that the recovered gradient at z i can be regarded as a linear combination of neighbor values of discontinuous finite element solutions [30] .
First, we present definition of the PPR for discontinuous approximations. By N h we denote the set of all interior nodes in E h . Let z ∈ N h be a mesh vertex and let E h,z denote a patch of mesh elements around z. Set p z ∈ P r+1 be the polynomial that best fits discontinuous solutions u h at the mesh nodes in E h,z in the local discrete least-squares sense:
Here p z is called the least-squares polynomial approximation (LSPA) of u h at z. Then it is well defined by
We denote by N z the number of mesh nodes in the patch E h,z . For an internal mesh vertex z and an order r, there are
) points required in an element patch E h,z including the mesh vertex z itself. To fit a polynomial of degree r + 1, in the least-squares sense, we select points distributed around z on the ball B h (z) = {x ∈ E h : |x − z| ≤ h}.
If the number of points (including z) is less than m, we search further points and proceed this process on a larger circle until more than or identical to m points being chosen. Then the patch E h,z is well defined and must have at least m points distributed around z in a way that leads to a unique p z . Next, to define E h,z at a boundary mesh vertex z, we set
where z 0 is the closest internal vertex to z and L z,n 0 is the union of mesh elements in the first n 0 ∈ Z + layers around z including the internal mesh vertex z 0 . This definition ensures the uniqueness of p z as shown in Lemma 3.6 of [36] .
Let h z be the length of the longest edge attached to z. Taking the local coordinates (x, y) with z as the origin, the fitting polynomial is
With a scaling augment by h = h i , set
the fitting polynomial becomeŝ
The coefficient vector â is determined by the linear system
where b
The uniqueness condition for the linear system (22) is Rank( A) = m, so it holds when n ≤ m and all the n sampling points are not on the same conic curve for the linear element [24] . For linear or quadratic discontinuous/continuous finite elements in the regular and chevron patterns, the reader is referred to [30, 36] about the weights of recovery gradient on vertices, edge nodes and internal nodes for more details.
Especially, if one takes the average of the discontinuous Galerkin solution at each node, i.e., for any a node z ∈ N h , the average ū h (z) := Ru h (z), then G hūh (z) is the same as in [36] . It is well known that G h has some important properties:
where p I ∈ V h is the Lagrangian interpolation of p, ω z is an element patch associated with node z and ω τ denotes the union of element patches associated with three vertices of element τ . We have
We need the following boundedness assumption on G h : When there are no two adjacent angles on an element patch adding up to exceed π , it is assumed that
Remark 1. As a post-processing technique, PPR has been implemented by COMSOL Multiphysics [39, 40] for any order finite elements. Therefore, PPR for higher-order elements can also be applied to problems with corner singularities similar to what we have done for linear element. However, theoretical analysis for higher-order elements would be much involved.
The difference between G h u h and G hūh has been presented in the following lemma. 
Proof 
.
Taking w h = u h −ū h leads to
, which gives by Lemma 3.6 and the continuity of u
The main results for the DG gradient recovery
The analysis of averaging techniques plays an important role in a posteriori error control in [10] . Due to its importance, we shall first prove the superconvergence between the gradient and the recovery gradient from the averaged values of OPSIPG solutions under reasonable smoothness conditions. We decompose (28) where u I ∈ V h is the interpolation of u and V h ⊂ H 1 ( ) represents the C 0 finite element space consisting of piecewise polynomials of order r on E h .
First, applying (23) to the first term on the RHS of (28) gives
To bound the second term on the right hand side of (28), it follows from the triangle inequality
where the boundedness of G h has been used. To estimate the RHS terms of (30), we will apply the following critical lemma. 
and analogously, by the inverse inequality,
Notice that v h ∈ D r (E h ) does not apply since it is discontinuous and is not included in the continuous finite element space We have
where for the last inequality we have used (32) . According to the analysis in [21, 35] , we can directly use the well-known superconvergence results to estimate the first term in the right-hand side of (33 
where the terms E r β are specified as follows.
(1) If r = 1, we have
(2) If r = 2, we have
Proof. By the above boundedness property (1) 
Note that
where we have used the definition of π h for the second identity and Lemma 3.2 for the last inequality. Moreover, applying Lemma 3.1 in (36) with v h = u I − π h u taken also gives
therefore, it follows from (36) and (37) 
on E. It follows from the assumption of a(·) that
We define Ā −1 (u;
Therefore, we shift our analysis to Ā −1 (u; u I − u, v h ). According to the formula of A −1 (u; v, w), we can writē
By the trace lemma and Cauchy-Schwarz inequality, I 2 is bounded
where σ 0 means the maximum penalty parameter of {σ k }
M h k=1
. Taking β > 1 in (38) for r = 1, or 2, applying Lemma 4.2 to the term I 1 and using (41)- (42), we get the following result for u I − π h u DG :
Here, the superconvergence of the error between u I and π h u depends on β. Note that (43) shows superconvergence between u I and π h u.
Next, we bound the second term on the right hand side of (30) . This term can be decomposed into the two parts
For the first part, we have
where Lemma 3.5 has been used for the last inequality. For the second part ∇(
, it is observed from Lemma 3.6 that
From (44)- (45) we bound
Finally, applying Lemma 4.2 and inserting (29)- (30), (35), (43) and (46) into (28), we obtain (34) and complete the proof. Further, we derive the superconvergence between the gradient and the recovery gradient from OPSIPG solutions under suitable conditions. As shown in the proof of Theorem 4.3, some above estimates are very useful to prove superconvergence
Then with the use of (24), we get the following main superconvergence theorem from (29), (43) and Lemma 3.5.
Theorem 4.4. For
0 ( ) and u h be the solution of (6) and (8) 
where E r β (r = 1, 2) are specified as in Theorem 4.3 and β > 1.
An a posteriori error estimator
We naturally define the global error estimator for discontinuous numerical solutions by
Without a loss of generality, the small quantity in Condition ( , σ ) is assumed to be of O (h α ) with α > 0. Then we get the following asymptotically exact result motivated by Theorem 5.1 in [33] . 
Then it holds
Proof. Applying Theorem 4.4 and (49) completes the proof. 2 
Numerical tests
In this section, we carry out a series of numerical experiments to validate our code and to illustrate superconvergence of the DG gradient recovery method. We shall focus on the superiority of the recovery method over the OPSIPG method by comparing the two facets: on the one hand, a linear DG finite element on uniform triangular meshes of the regular and chevron patterns (see Figs. 1-2) , as well as on unstructured mesh (see Fig. 3 ); on the other hand, a quadratic element on the uniform triangular mesh of the regular and chevron patterns. Moreover, we will consider a milestone problem with a corner singularity to verify if the a posteriori error estimator h is asymptotically exact. As a post-processing technique, the PPR can be applied to any unstructured meshes. However, theoretical results are only available for very limited structured cases. 
We define ∇ · L 2 ( in ) as a discrete H 1 semi-norm in an interior region in . An initial mesh for the linear elements in Cases 1 and 2 is produced by dividing the unit square into 2 × 2 uniform squares and only decomposing each subsquare into two triangles in the regular and chevron patterns. Then we intend to perform the numerical computation on multi-level meshes based on a similar process of uniform refinement, which preserves many advantages of initial meshes. 
2 for Case 1. They compare a larger than second order convergence rate of the PPR to a first-order convergent rate of the DG method without using recovery technique. Some H 1 -seminorm errors and convergence rates are listed in Table 1 . In the chevron pattern, the PPR for Case 1 performs well with a superconvergence rate of order 1.81 in the inner region as in Fig. 7 , while it also provides a superconvergent recovery of order 1.78 in in in Fig. 8 for Case 2. And Table 2 shows H 1 -seminorm errors and convergence rates. For the unstructured meshes (see Fig. 3 ), the PPR for Case 1 performs well with a superconvergence rate of order 1.96 in Fig. 9 , and it has a superconvergent recovery of order 1.85 in Fig. 10 for Case 2 and the convergence rates are listed in Table 3 . In Figs. 11-12 , we also illustrate the errors of the PPR in 3D based on SIPG and OPSIPG schemes, respectively.
We also consider the quadratic elements in the regular and chevron patterns with an inner region [0.1, 0.9] 2 for Case 2.
Figs. 13 and 14 indicate more than third order convergence rates of the recovered gradient for Case 2. We also list the errors and convergence rates in Tables 4 and 5 Convergence rates in the regular pattern by linear elements and the initial mesh size h = 1.25e−1.
Regular Mesh
Order Table 2 Convergence rates in the chevron pattern by linear elements and the initial mesh size h = 2.5e−1.
Chevron Mesh
Order Table 3 Convergence rates in the unstructured meshes by linear elements and the initial mesh size max{h} = 1.2e−1.
Unstructured Mesh
Order Table 4 Convergence rates in the regular pattern by quadratic elements and the initial mesh size h = 2.5e−1.
Regular Mesh
Order Table 5 Convergence rates in the chevron pattern by quadratic elements and the initial mesh size h = 2.5e−1.
Order 
Table 6
Convergence rates in the unstructured meshes by quadratic elements and the initial mesh size max{h} = 1.2e−1.
Unstructured Mesh
Order 0.08. For the penalty term in (4), we choose β = 3. As in [32] , for the a posteriori error estimator h = G h u h − ∇u h L 2 ( in ) defined by (48), the ratio can be expressed as follows
where N is the number of degrees of freedom (DoFs) in OPSIPG scheme.
With the use of the gradient recovery method on a locally refined mesh (see Fig. 17 ), we observe in Fig. 18 that ∇u − G h u h L 2 ( in ) is superconvergent, and the term G h u h − ∇u h L 2 ( in ) / ∇u − ∇u h L 2 ( in ) approaches 1 at the slope −2.47 in the interior subdomain. In Table 7 , we present the absolute errors ∇(u − u h ) L 2 ( in ) , ∇u − G h u h L 2 ( in ) and convergence orders with respect to DoFs on Delaunay meshes with linear elements. Consequently, the gradient recovery operator G h is effective and the a posteriori error estimator h is asymptotically exact under mildly structured grids. It is observed that the polynomial preserving recovery technique provides superconvergent recovered gradients for discontinuous solutions to the OPSIPG method.
Conclusions
In this work we employed the PPR to realize the gradient recovery technique based on the over-penalized interior penalty discontinuous Galerkin method for solving the second-order nonlinear elliptic problem. Superconvergence of the PPR implemented on the OPSIPG method has been rigorously proved. In this work, the gradient recovery method has superconvergence for linear and quadratic elements on the structured meshes in the regular and chevron patterns, even on the unstructured meshes. In addition, the gradient recovery method for the linear elements is well-performed for the corner 
Table 7
Convergence orders with respect to DoFs in Delaunay meshes by linear elements.
Order
The ratio singularity problem with the inhomogeneous Dirichlet boundary condition, illustrating that the a posteriori error estimator based on the recovered gradient is asymptotically exact and efficient. Following the preconditioning technique in [5] , it is straightforward to remedy the ill-conditioned system. However, related questions that remain open comprise construction of an optimal preconditioner of the resulting systems, and superconvergence analysis of the PPR for IPDG solutions in general meshes.
